A UNIFIED QUANTUM THEORY I: GRAVITY 
INTERACTING WITH A YANG-MILLS FIELD 
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Abstract. Using the results and techniques of a previous paper where 
we proved the quantization of gravity we extend the former result by 
adding a Yang-Mills functional and a Higgs term to the Einstoin-Hilbcrt 
action. 
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1. Introduction 

In a previous paper [3] we proved the quantization of gravity using canoni- 
cal quantization to obtain a setting in which the standard techniques of QFT 
can be applied to achieve a quantization of the gravitational field, i.e., the 
gravitational field can be treated like a non-gravitational field. 

In order to make this approach work four new ideas had to be introduced 
in the process of canonical quantization: 

(i) We eliminated the diffeomorphism constraint by proving that it suffices 
to consider metrics that split according to 

(1.1) ds^ = -~w^{dx°)^ + g,jdx'dx^ 

after introducing a global time function x'^. The underlying spacetime N = 
N'^+'^ can be considered to be a topological product 

(1.2) N^IxSo 
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where / C M is an open interval, Sq a Cauchy hypersurface, fixed for all 
metrics under consideration, and gij = gij{x^,x), x G Sq, a Riemannian 
metric. 

(ii) The volume element y^, g ~ det((7ij), is a density and it appears ex- 
plicitly in the Lagrangian and in the Hamiltonian. However, the Hamiltonian 
has to be an invariant, i.e., a function and not a density. To overcome this 
difficulty we fixed a metric x ^ ^"'^(iSo) and defined the function if> by 

(1.3) = 

such that if ~ ip{x,gij) and 

(1-4) V9 = ^VX- 

The density will be later ignored when performing the Legcndrc trans- 
formation in accordance with Mackey's advice to only use rectangular coor- 
dinates in canonical quantization, cf. [4, p. 94]. 

(iii) After the Lcgendre transformation the momenta depend onx € Sq- To 
overcome this difficulty we consider a fiber bundle with base space Sq where 
the fibers are the positive definite metrics gij{x) over x, i.e., a fiber F(x) is an 
open, convex cone in a finite dimensional vector space. We treat this cone as 
a manifold endowing it with the DeWitt metric which is Lorentzian. It turns 
out that F{x) is globally hyperbolic. Let us call the bundle E. Each fiber 
has a Cauchy hypersurface M(x) and we denote the corresponding bundle 
by ^. 

The introduction of the bundle E simplifies the mathematical model af- 
ter canonical quantization dramatically. The Hamiltonian operator iJ is a 
normally hyperbolic differential operator acting only in the fibers which are 
globally hyperbolic spacctimes and the Wheeler-DeWitt equation is the hy- 
perbolic equation 

(1.5) Hu = 0, 

where u is defined in E. 
The Cauchy problem 

Hu^f 

(1-6) W|„=wo 

is uniquely solvable in E with m e C°°(£;, IK), IK = M V K = C, for arbitrary 
(1.7) Mo,wi e C,°°(i,K) A feC^{E,K). 



(iv) In view of (1.6) the standard techniques of QFT, slightly modified 
to accept the present setting, can be applied to construct a quantum field 
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<Pj^ which maps functions u G C^{E,'R) to self-adjoint operators in the 
symmetric Fock space created from the Hilbert space 

(1.8) H^ = L^E,C). 

The quantum field also satisfies the Wheeler-DeWitt equation in the distri- 
butional sense. 

The quantization of the gravitational field makes it possible to obtain 
a unified quantum theory describing the interaction of gravity with other 
fundamental forces. In this paper we look at the interaction of gravity with 
a Yang-Mills and a Higgs field. 

Let N = iV"+^ be globally hyperbolic spacetime with metric {§0/3), where 
the indices run from < a, /3 < n, G & compact, semi-simple, connected Lie 
group with Lie algebra g, and let Ei = {N, g, tt, Ad{Q)) be the corresponding 
adjoint bundle with base space A^. Then we consider the functional 

(1.9) / (i?-2/l)+ / {Lym + Lh}, 

JN JN 

where a at is a positive coupling constant, R the scalar curvature, A a cosmo- 
logical constant, Lym the energy of a connection in Ei and Lh the energy 
of a Higgs field with values in g. The integration over N is to be understood 
symbolically, since we shall always integrate over an open precompact subset 

n c N. 

Let A = (A^) be a connection in Ei. We shall prove in Theorem 2.3 on 
page 5 that it will be sufficient to only consider connections satisfying the 
Hamilton gauge 

(1.10) ^g = 0, 

thereby eliminating the Gaufi constraint, such that the only remaining con- 
straint is the Hamilton constraint. 

Using the ADM partition of N , cf. [1], such that 

(1.11) Ar = /x5o, 

where Sq is a Cauchy hypersurface and applying canonical quantization we 
obtain a Hamilton operator H which is a normally hyperbolic operator in a 
fiber bundle E with base space So and fibers 

(1.12) F(x) X (g®rO'i(5o)) X g, x e 5o, 

which are equipped with a Lorentzian metric. The Hamilton operator is only 
acting in the fibers and the Wheeler-DeWitt equation has the form 

(1.13) Hu = 0, 

where u g C°°{E,C). 

In Theorem 4.1 on page 14 we prove that the fibers are globally hyperbolic 
and have Cauchy hypersurfaces Mq = Mo{x), x G So- Hence the results of 
[3, Sections 5 & 6] are applicable leading to the existence of a quantum field 
<l>^ which satisfies the Wheeler-DeWitt equation in the distributional sense 
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and which maps C^{E,'R) to self-adjoint operators in the symmetric Fock 
space constructed from the Hilbert space 

(1.14) H^^L'iEX), 

where E is the bundle with base space So and fibers Mq. 

2. The Yang-Mills functional 

Let N = N^'^'^ be a globally hyperbolic spacetime with metric (gap), G 
a compact, semi-simple, connected Lie group, g its Lie algebra and Ei = 
(A^, 0, TT, Ad(C/)) the corresponding adjoint bundle with base space N. The 
Yang-Mills functional is then defined by 

(2.1) Jym = f -lF,,F^' = I -habr'^a'^F^^^F'^^,, 

Jn Jn 

where 7ab is the Cartan-Killing metric in g, 

(2.2) F^, = Al^ - A;^, + f^X'^l 
is the curvature of a connection 

(2.3) A = (Ap 
in E and 

(2.4) fc = {f%) 

are the structural constants of g. The integration over N is to be understood 
symbolically since we shall always integrate over an open precompact subset 
f2 oiN. 

Let A be a Yang-Mills connection, i.e., the first variation of Jym at the 
point A vanishes with respect to compact variations of A, then A satisfies 
the Euler-Lagrange equations 

(2.5) Fl^.^^ = 0, 

where we remind that covariant derivatives are always full tensors. 

2.1. Definition. The adjoint bundle Ei is vector bundle; let E^ be the 
dual bundle, then we denote by 

(2.6) T''^'{Ei) ^ r{Ei (g)---(g)Ei(g)E*^---(g)E*) 

V ' V ' 

s 

the sections of the corresponding tensor bundle. 

Thus, we have 

(2.7) F;;^ e T^-°{Ei) (g) T°'^{N). 

When we fix a connection ^ in then a general connection A can be 
written in the form 

(2.8) a';, = a; + a;, 
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where A° is a tensor 

(2.9) AleT^-°{Ei)(g)T°'\N). 

To be absolutely precise a connection in Ei is of the form 

(2.10) fcA^, 

where fc is defined in (2.4); j4° is merely a coordinate representation. 

2.2. Definition. A connection A of the form (2.8) is sometimes also de- 
notedby (A-,i-). 

Since we assume that there exists a globally defined time function x° in 
N we may consider globally defined tensors (^°) satisfying 

(2.11) ^0=0. 

These tensors can be written in the form (A°) and they can be viewed as 
maps 

(2.12) {A^):N^9<E>T"'\So), 

where Sq is a Cauchy hypersurface of N, e.g., a coordinate slice 

(2.13) So = {x" = const}. 

It is well-known that the Yang-Mills Lagrangian is singular leading to the so- 
called Gaufl constraint when applying canonical quantization. To eliminate 
the Gaufi constraint we impose local gauge fixing by stipulating that the 
connection A satisfies 

(2.14) = 0. 

Hence, all connections in (2.8) will obey this condition since we also stipulate 
that the tensor fields A^ have vanishing temporal components as in (2.11). 
The gauge (2.14) is known as the Hamilton gauge, cf. [2, p. 82]. 

In the following theorem we shall prove that it suffices to consider connec- 
tions of the form (2.8) satisfying (2.11) and (2.14) in the Yang-Mills functional 
Jym- 

2.3. Theorem. Let Q <^ N be open and precompact such that there exists 
a local trivialization of Ei in Q. Let A = (A°,A°) be a connection satisfying 
(2.11) and (2.14) in fl, and suppose that the first variation of Jym vanishes 
at A with respect to compact variations of A"^^ all satisfying (2.11). Then A 
is a Yang- Mills connection, i.e., the Yang-Mills equation 

(2.15) F^^^ = 
is valid in f2. 



6 



CLAUS GERHARDT 



Proof. Let 77° be an arbitrary tensor field witli compact support in Q satis- 
fying 

(2.16) vo = 
and define tlie connections 

(2.17) A(e) = (A;,i;; + 6,7;). 

Differentiating tlie functional 

(2.18) JvAiie) = f -\F^^{e)F''\e) 

J n 

with respect to e and evaluating in e = yields 

(2-19) ^--i ^^^^"'"^^ - I la^F'''\,^l 

Assuming that the first variation of the functional vanishes we deduce 
(2.20) F'^'^.^ = 

which is equivalent to 
(2.21) 

since we only consider spacetime metrics {gap) that splits, i.e., 

(2.22) ds^ = ~w^{dx^f + g,j (a;°, x)dx'dx^ 

in view of the results in [3, Theorem 3.2]. Similarly, the conditions 

(2.23) F""*^.^ = 
and 

(2.24) FY;^ - 

are equivalent. 

To prove that A also satisfies 

(2.25) = 

in 12, we argue by contradiction supposing there exists (ig, a^o) S ^ such that 

(2.26) F\^{^,x^)^Q. 
Define 

(2.27) r = FY^.~9m 
so that 

(2.28) 7a6r^'°';p < 

in (<o,a;o). Choosing a cut-off function ip = ip{t,x) satisfying ip{to,xo) = 1 
we then infer 

(2.29) 7a6rF^°^;„ < 
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in TV and strictly negative in (tQ,xo), where 

(2.30) I" = rv- 

Next we consider the gauge transformation uj ~ uj(t, x) where uj is the flow 
(2.31) 

Lo{to,x) = id, 

which is well defined in a neighbourhood of supp ip. After the gauge trans- 
formation the connections A{e) in (2.17) look like 

(2.32) ujUAl{e)^-^ -Lo^Lu-^ 
and the component = is equal to 

(2.33) w/eA^(e)c^-i = eufi^Lo-K 

Since the Yang-Mills functional is gauge invariant its first variation still van- 
ishes after the gauge transformation and we deduce from (2.19) and (2.20) 



(2.34) 0= / ^abF-'^^i' 

J a 

contradicting (2.29). □ 



2.4. Remark. Gauge fixing is an appropriate method for reducing the 
number of independent variables, but in the context of canonical quantiza- 
tion it is only legitimate if it is also used before deriving the Euler-Lagrange 
equation and if in addition it is proved that the correct Euler-Lagrange equa- 
tion is still valid. 



Let {Bpi^{xk))k£N be a covering of So by small open balls such that each 
ball lies in a coordinate chart of Sq. Then the cylinders 

(2.35) Uk = IxBp,ixk) 

are a covering of TV such that each Uk is contractible, hence each bundle 
TT~^{Uk) is trivial and the connection A can be expressed in coordinates in 
each Uk 

(2.36) A={A^^) = faA;dx>^. 
We shall prove: 



2.5. Lemma. In each cylinder Uk there exists a gauge transformation to = 
uj{t, x) such that 

(2.37) A^{t,x)=0 y{t,x)eUk 

after applying the gauge transformation. 
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Proof. For fixed k we consider tlie flow 

UJ ^ (jj frAnUJ~^ , 

(2.38) . ^ 

w(0, X) = id, X e Bp^ (xfe). 

For fixed x € Bp^(xk) tlie integral curve exists on a maximal interval Jx- H 
we can show = I, then the lemma is proved. 

The claim is obvious, since the integral curve cannot develop singularities, 
for let (•, •) be the negative of the Killing metric, then 

(uj.uj) = — trlujAnAnUj'^) 

(2 39) 

from which the result immediately follows. □ 



2.6. Lemma. Let Uk, Ui be overlapping cylinders and let ui = uj{t, x) be a 
gauge transformation relating the respective representations of the connection 
A in the overlap Uk H Ui where both representations use the Hamilton gauge, 
then UJ does not depend on t, i.e., 

(2.40) w = 0. 

Proof. Let (A°) resp. be the representations of A in Uu resp. Ui such 

that 

(2.41) k = Al= 0, 
then 

(2.42) io = wAqw"^ - 
hence 

(2.43) Lu = in Ukr^Ul. 

□ 

Let Eq be the adjoint bundle 

(2.44) = (5o,fl,^,Ad(5)) 

with base space Sq, where the gauge transformations only depend on the 
spatial variables x = (x'). For fixed t A°o are elements of T^'°{Eq)®T'^'^{Sq) 

(2.45) A%&T^^\E^)®T'''\So), 

but the vector potentials (i, •) are connections in Eq for fixed t and there- 
fore cannot be used as independent variables, since the variables should be 
the components of a tensor. However, in view of the results in Lemma 2.5 
and Lemma 2.6 the difference 

(2.46) A1{t, ■) = A1{t, ■) - A1{Q, ■) e T^'^iEo) ® T^-\So). 
Hence, we shall define A° to be the independent variables such that 

(2.47) At = AtiO,-) + At 
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and we infer 

(2.48) At^, = Al^. 
In the Hamilton gauge we therefore have 

(2.49) FS., = i^,o 
and hence we conclude 

(2.50) - \F,,^F^^^ - \w-^g^=^a,Al^Al^ - \F,,F^^ , 

where we used (2.22). 
Writing the density 



(2.51) V5 = Vdet5y 

in the form 



(2.52) ^ = Lp^/detxij, 

where % is a fixed Riemannian metric in S'o, Xij — Xijix), such that < (p = 
ip{x,gij) is a function, we obtain as Lagrangian function 

(2.53) Lym = ^jabg''AloAloW-'ip - \F^xF^^wip. 

The Af{t, .) can be looked at to be mappings from N to T^'°{Eo) (g) T°'i(5o) 

(2.54) i° : TV ^ T^'°{Eo) ® T"'\So). 

The fibers of T'^-°{Ea) (g) T°-^{So) are the tensor products 

(2.55) 3®T°^\So), x€So, 
which are vector spaces equipped with metric 

(2.56) 7ab®g''. 

For our purposes it is more convenient to consider the fibers to be Riemannian 
manifolds endowed with the above metric. Let (C), 1 < P < nin, where 
ni = dimg, be local coordinates and 

(2.57) ^<^p) ^ Ancn ^ Mo 

be a local embedding, then the metric has the coefficients 

(2.58) G,, ^ (i„ A,) = jatg'^Al^Al^. 

Hence, the Lagrangian Lym in (2.53) can be expressed in the form 

(2.59) Lym = ^GpgC^w-^^ - \F,,F''w^ 
and we deduce 

(2.60) = = G,,C'u;-V 
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yielding the Hamilton function 

Hym = T^pC — Lym 

= Hymw. 

Thus, the Hamiltoniaii that will enter the Hamilton constraint equation is 
(2.62) Hym = ^-'GP^f^pn, + \F,jF'^^. 

3. The Higgs functional 
Let ^ be a scalar field, a map from N to Ei, 

(3.1) $:N^Ei, 

i.e., F is a section of Ei. Using the notation in Definition 2.1 on page 4, we 
also write 

(3.2) ^eT^°{Ei). 
The Higgs Lagrangian is defined by 

(3.3) LH = -ir^a6<?S^^-F(<?), 

where 1^ is a smooth potential. We assume that in a local coordinate sys- 
tem ^ has real coefficients. The covariant derivatives of ^ are defined by a 
connection A = (A^) in Ei 

(3.4) 'P';,^<P^^ + jabA';,<P'. 

As in the preceding section we work in a local trivialization of Ei using the 
Hamilton gauge, i.e., 

(3.5) = 0, 
hence, we conclude 

(3.6) <P^„ = 

Expressing the density g as in (2.52) on page 9 we obtain Lagrangian 

(3.7) Lh = i7a6^"o'^>^ V - ^lab^t^'^W^ " V i<P)wip 

which we have to use for the Legendre transformation. Before applying the 
Legendre transformation we again consider the vector space g to be a Rie- 
mannian manifold with metric jab- The representation of in the form (^") 
can be looked at to be the representation in a local coordinate system (0°). 
Let us define 

(3.8) P^^l^^ '^'•-n, 
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then wc obtain the Hamiltoniaii 

Hh = Pa^"" - Lh 

(3-9) = ^-fabi^''w-'^){S'>W-^ip)w^-^ + y^ab^f^'^jW^ + V{<P)wip 

= Hhw. 

Thus, the Hamiltonian which will enter the Hamilton constraint is 
(3.10) Hh = y-'j'^'paPb + i.9*^7ab<?.- + Vi$)^ 

4. The Wheeler-DeWitt equation 

The interaction of gravity with the Yang-Mills and the Higgs field is de- 
scribed by the functional 

(4.1) J = (^n' [ (R- 2^) + / {Lym + Lh}, 

Jn Jn 

where (s is an open precompact set, R the scalar curvature, A a cosmo- 
logical constant and Lym resp. Lh the Lagrangians in (2.1) on page 4 resp. 
(3.3) on page 10. 

As we proved in [3] we may only consider metrics gap that split with 
respect to some fixed globally defined time function .t" such that 

(4.2) ds^ = -w^(dx^f + g.jdx'dx' 
where g{x'^ , •) are Riemannian metrics in Sq, 

(4.3) 5o = {x" = 0}. 

The first functional on the right-hand side of (4.1) can be written in the form 




gijm + R - 2A}wip, 



where 



(4.5) G'^-^-' = ^{g^'^g^' + g^'g^'} - g'= g'' 
is the DeWitt metric, 

(4.6) {g'' = {g.,)-\ 
R the scalar curvature of the slices 

(4.7) {x° = t} 

with respect to the metric gij(t, •), and where we also assumed that i7 is a 
cylinder 

(4.8) n = {a,b)xf2, f2<£So, 

and, where now, we also assume that fi C Uk for some k gN. 

The Riemannian metrics gij{t, •) are elements of the bundle r°'^(5o). De- 
note by E the fiber bundle with base Sq where the fibers F{x) consists of the 



12 



CLAUS GERHARDT 



Riemannian metrics (gij). We shall consider each fiber to be a Lorentzian 
manifold equipped with the DeWitt metric. Each fiber F has dimension 

. , n(n + l) 

(4.9) dimF = — — - = m + 1. 

Let (^'"), < r < TO, be coordinates for a local trivialization such that 

(4.10) 9^J{x,n 

is a local embedding. The DeWitt metric is then expressed as 

(4.11) Grs = G'^''''g^J,rgkLs, 

where a comma indicates partial differentiation. In the new coordinate sys- 
tem the curves 

(4.12) t^g,,{t,x) 
can be written in the form 

(4.13) t^C{t,x) 
and we infer 

(4.14) G'^'"g,,gu = Gr^tC. 
Hence, we can express (4.4) as 



(4.15) 



J= f f a-'{\Grst^'w~'^+{B-2A)w^}, 
Ja Jn 



where we now refrain from writing down the density explicitly, since it 
does not depend on (gij) and therefore should not be part of the Legendre 
transformation. Here we follow Mackey's advice in [4, p. 94] to always con- 
sider rectangular coordinates when applying canonical quantization, which 
can be rephrased that the Hamiltonian has to be a coordinate invariant, 
hence no densities are allowed. 

Denoting the Lagrangian function in (4.15) by L, we define 

BT 1 

(4.16) ^^-^r-^^-^^'-^-' 

and we obtain for the Hamiltonian function Hq 

(4.17) = ^^''^(^^'^"'~^)(^^'"'"^)^°'^ ~ a^\R-2A)ipw 

= (p~''^G^''TTrTTsWaN — ajj^ {R — 2A)ipw 

= Hgw, 

where G^^ is the inverse metric. Hence, 

(4.18) Hg = aN^P^^G^'^TirT^s - aw^(i? - 2A)ip 
is the Hamiltonian that will enter the Hamilton constraint. 
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Combing the three Hamilton functions in (2.62) on page 10, (3.10) on 
page 11 and (4.18) the Hamilton constraint has the form 

(4.19) H = Hg + Hym + Hh = 0, 
where 

(4.20) i^-i^(f^c^e^7r„^,,Pfc). 

Here (^'',C^,0'') are local sections of a bundle E with base space Sq and 
fibers 

(4.21) F(x) X (fl®rf(5o)) X 

where the fibers arc Riemannian manifolds endowed with product metric 

(4.22) G = ^dmgia]^'Grs,2Gp„2jab)- 
Applying quantization, by setting h — I, we replace 

(4.23) = 

and similarly for the other conjugate momenta TTp and Pa- 

After quantization we obtain a normally hyperbolic differential operator, 
which we shall also denote by H, acting only in the fibers and the Wheeler- 
DeWitt equation looks like 

(4.24) Hu = 0, 

where u g C°°{E,C). 

The fibers are Lorentzian manifolds equipped with the Lorentz metric G. 
If we can prove that the fibers arc globally hyperbolic, then the techniques of 
QFT, appropriately modified to work in the bundle, can be applied to con- 
struct a quantum field <Pj^ which maps functions u e C°°{E, R) to essentially 
self-adjoint operators in the symmetric Fock space created from the Hilbert 
space 

(4.25) H^ = L^{E,C). 

E is the bundle with base space 5o and fibers A/g, where Afo(a;) is a Cauchy 
hypersurface in the corresponding fiber (4.21) in E, cf. [3, Section 6] for 
details. 

The Lorentzian nature of G is due to the metric Grs which is the DeWitt 
metric. In [3, Section 4] we proved that 

(4.26) T = log(y9 
is a time function and that the hypersurface 

(4.27) M = = 1} = {r = 0} 

is a Cauchy hypersurface in F{x), hence F{x) is globally hyperbolic, cf. [5, 
Corollary 39, p. 422]. 
We shall prove: 
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4.1. Theorem. The hypersurfaces Mo = Mq{x), x £ Sq, 

(4.28) Mo = M X (fl ® T°-\So)) x g 
are Cauchy hypersurfaces in each fiber over x €z Sq. 

Proof. Wc follow the proof in [3, Lemma 4.3]. Fix x £ Sq, then the metric 
Grs splits and can be expressed in the form 

(4.29) ds^ = c{-dT^ + GABd^^d^^}, 
where c is a positive constant, 

(4.30) T = ^° A -oo < r < DO, 

and (^^), 1 < A < m, are local coordinates for M. The metric Gab is the 
metric of the hypersurface M when the ambient space F(x) is equipped with 
the DeWitt metric; Gab does not depend on r. 

Let 7 = 7(s), s € /, be an inextendible future directed timelike curve in 
F. We have to prove that it intersects with Al exactly once. It suffices to 
show that it intersects M, the uniqueness is trivial. 

Suppose that 7 does not intersect M. Assume there exists sq £ I such 
that 

(4.31) r(7(so))<0 

and assume from now on that sq is the left endpoint of /. Since r is continuous 
the whole curve 7 must be contained in the past of M . 

From the relation (4.30) we deduce that the whole metric ip~^G in (4.22) 
splits according to (4.30). Stipulating that (C",^'^) represent a coordinate 
system for the fiber in (4.21) and not just for the F(x) component, we may 
consider (4.30) to represent the metric of the whole fiber. 

Hence, 7 = (7^,7'^) and because 7 is timelike we deduce 

(4.32) GABi^i'' < |7°P 
and thus 



(4.33) \/Gab7^7^ < 7", 
since 7 is future directed. Let 

(4.34) 7 = (7^) 

be the projection of 7 to Mq, then the length of 7 is bounded 



(4.35) i(7) = VGab7^7^ < 7° < -7°(so). 

Let us express the curve 7 in the original coordinate system 

(4.36) j = ig,j(x,s),At(x,s),Q\x,s)), 
then 

(4.37) GABi^i"" = g'^g^'^jm + labg^'M^i + icdQ^O' 
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where we used that 

(4.38) ^^g,, = 0, 

since the normal to M is a multiple of , and we conclude 

(4.39) V5V^^^ < -7°(so) 

and identical estimates for the other components. In [3, Lemma 4.3] we have 
shown that the metrics gij{s) are uniformly equivalent and stay in a compact 
subset of M. Hence, we can replace the norm 

(4.40) labg^'AlAI 
by 

(4.41) labx'^kAl 

where Xij — Xiji^) is a- metric independent of s, and we conclude that the 
components A"^ are uniformly bounded and therefore contained a compact 
subset, since the ambient space is a finite dimensional vector space. 

The same argument is also valid in case of the components Q°'{s) and we 
finally obtain a contradiction because an inextendible timelike curve cannot 
stay in a compact subset. □ 
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